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Abstract 

We prove the existence of a Lax pair for the Calogero Korteweg-de Vries (CKdV) 
equation. Moreover, we modify the T operator in the the Lax pair of the CKdV 
equation, in the search of a (2 + l)-dimensional case and thereby propose a new 
equation in (2 + 1) dimensions. We named this the (2 + l)-dimensional CKdV equation. 
We show that the CKdV equation as weU as the (2+l)-dimensional CKdV equation are 
integrable in the sense that they possess the Painleve property. Some exact solutions 
are also constructed. 

1 Introduction 

In this paper we attempt to extend the Calogero Korteweg-de Vries (CKdV) equation to 
a (2 + l)-dimensional equation. The CKdV equation is a (1 + l)-dimensional nonlinear 
equation [|| of the form 

1 3w^ 3wl 3wa;W^x 

Pavlov constructed (|1.1| ) using the new method for the description of an infinite set of 
differential substitutions and the KdV modifications |^]. We briefly describe how the 
CKdV equation was constructed by Pavlov. The Lax pair of the KdV equation 

13 , , 

Ut + -Uxxx + -jUUx = (1.2) 
has the form 

L = dl + u, (1.3) 

T = dxL+]^udx--^Ux + dt. (1.4) 
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Pavlov obtained an infinite set of differential substitutions and the KdV modifications 
from the Taylor expansion of the linear system for (|1.3D and ( |1.4| ) respectively (see ||2|). 
The first order of an infinite set of differential substitutions is the Miura transformation 

u = v'^ + avx, (cr = ±i). (1-5) 



After substitution of the Miura transformation ( |1.5| ) into the first order KdV modifica- 
tions, we obtain the modified KdV (mKdV) equation 

1 3 

This equation admits the Lax representation 

L = dl + 2avd^, (1.7) 

The representation (|l.7| ), ( |L^ ) can be obtained from the Lax pair of the KdV equa- 
tion ( |1.3| ), ( |1.4D by the gauge transformation ||3|. In the second order, an infinite set of 
differential substitutions and the KdV modifications, lead to the Miura type transforma- 
tion 

v = -^{l + aw^) (1.9) 

and the CKdV equation (|1.1|). Hamiltonian structures for the CKdV equation are dis- 
cussed in IQ]. 

This paper is organized as follows. In Section 2, we construct a Lax pair of the CKdV 
equation ( |1.1| ) and propose a new equation in (2 + 1) dimensions by the extension of 
the T operator for the CKdV equation. We named it the (2 + l)-dimensional CKdV 
equation. Moreover, another dimensional extension is performed by changing the L oper- 
ator iQ, |5|, |6| as follows: 

L^L + dy. (1.10) 

A (2 + l)-dimensional equation obtained by the abovemethod is, however, reduced to 
the KP equation. In Section 3, the CKdV equation and the (2 -|- l)-dimensional CKdV 
equation are proved to be integrable in the sense that they possess the Painleve property. 
The solutions to these equations are constructed by the Miura transformation in Section 4. 
Section 5 is devoted to discussions. 

2 The Lax pairs of the CKdV equation 

and the (2 + l)-dimensional CKdV equation 



We conjecture that a Lax pair of the CKdV equation (|l . l| ) is of the form 

L = dl + g[w]d, + h[w], (2.1) 



T = d,L + T' + dt, 



(2.2) 
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where g[w], h[w] are functions of w and its x-derivatives, and T' is an unknown operator. 
We can fix the form of glw], h[w] and T' by the condition that the Lax equation 

[L,T]=0 (2.3) 

gives the CKdV equation. The result is 

g[w] = (2.4) 
w 

= "i^ - (2-5) 

Hence the Lax pair of the CKdV equation is expressed as 

Next we construct a new equation in (2 + 1) dimensions. For that, we modify the 
above T operator to include another spatial dimension as follows 

T = d,L + T" + du (2.9) 



where L is the same L operator (2/7) for the CKdV equation. The Lax equation ( |2.3| 
gives not only the form of T" but also a new equation. They are 



-^a-ifi^ +— 



(2.10) 



and 



1 I f I 

4 Aw^ 8 

+ 2w^ 8^"" ^ A 2^/; 4u; " ' 



(2.11) 



respectively. We name the above equation the (2 + l)-dimensional CKdV equation. It 
follows from (|2.9| ) and ( |2.10| ) that the Lax pair of (2 + l)-dimensional CKdV equation is 
given by 
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w 



d: 



1 



-a; 



-1 



aWxWz 
dZ 



a 



■d. 



-1 



8w^ 
1 



1 \ w., 



1 \ « crwxz 



w 



8w' 



+ 



+ 



4ti;2^ 



(2.13) 



Equation (|2.11|) and the Lax pair (p.l2 ), ( 2.13| ) are reduced to the CKdV equation and 
the Lax pair of the CKdV equation in the case of x = z. In 0, |8|, ^, we developed 
the construction method for higher-dimensional integrable equation. For example, we 
considered the Calogero- Bogoyavlenskij-Schiff (CBS) equation 0, 0, ||, |l|, |l|, |l5|, |l|] , 



1 1 

Ut + -^Uxxz + UUz + -Uxd'^Uz 



0, 



Vt + ^Vxxz + V^Vz + ^Vxdx ^ (v^) 



and the modified Calogero-Bogoyavlenskij-Schiff (mCBS) [[151 , 

0. 

These equations admit the Lax representations, respectively 
L = dl + u, 

1 1 

T = dzL + -dx^Uzdx - -gUz + dt, 



and 



L = dl + 2avd, 
T 



dzL + ad-'vzdl + Qa,7^ (v^)^ - 2vd-\z - \av^ dx 
^)\+adx^vt + du 



(2.14) 

(2.15) 

(2.16) 
(2.17) 

(2.18) 
(2.19) 



+ -^Vxz + [dx 



respectively. We obtained the mCBS equation from the CBS equation using the same 
Miura transformation ( |1.5| ) that connects the KdV equation with the mKdV equation 
10, ^, ^. We checked that the transformation (L9) connects the mCBS equation ( p. 15 ) 
and the (2 + l)-dimensional CKdV equation (2.11), i.e., 



Vt + \vxxz + V^Vz + \vxdx ^ (^^^), 



1 



+ 



2w 



wlwz 



■(1 + awx 



2w 



-a 



1 f^-l ( 



1 Wz 1 „_i 

Wt + -Wxxz + ^ + ^Wxd, 



WxWxz WxxWz 



(2.20) 



Aw"^ 8 \w 
These results are depicted in Fig. 1. 



2w 



4:W 
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KdVQ 



O) 



mKdV(0) 



CKdV(l.l 



CBS (|2.14|) 



mCBS(|2.15|) I M f2 + 1) CKdV(p.ll 



Figure 1: The dimensional extensions are indicated by broken arrows. These broken arrows 
indicate the modification of T operators for the search of the (2 + l)-dimensional case. FuU arrows 
mean the Miura transformations. The mKdV equation (6) and the mCBS equation (25) are induced 
by the Miura transformation (5) from the KdV equation (2) and CBS equation (24). We construct 
exact solutions of the CKdV equation (1) and the (2 + l)-dimensional CKdV equation (21) from 
the solution of the mKdV equation (6) and the mCBS equation (25), by using using the Miura 
type transformation (9). 



We also extend the CKdV equation via (p^ ) @, |, ||. Namely we consider 
The T operator corresponding to ( p. 21 ) should be of the form 

T = dl + —dl + { -—r - —4- - -^ad-^ - >d^ 



^ 2w; ^ [ 4ti;2 2w'^ 4 ^ V^^AJ 
3w^ 3awg 'iaw^^ 3a-u;^ 3 ^ / 1 ^ /1\ 1 



(2.22) 



We can construct the following equation from the Lax equation with (2.21) and ( p. 221 ), 



1 2)11}^ SWrWrr 3aW,, 3 9„_i / 1 



Wt + -t'Wxxx + 



4 2w;2 



SWxWxx 


3awy 


3 2 Q-1 

— -w o^. 
4 


2w 


Aw 


3 2 

aw 

y 4 


(.-] 


^V(i 

w \w 



""'yy 



^awxd-' ( - 1 - -aw-' [ d-' < -d-' ( - 1 H = 0. 



(2.23) 



4' " " \w „ „ 

^ y \ ^ yy 

However, the above equation is reduced to the KP equation 
1 3 \ 3 



X 



ut + -Uxxx + T,UUx ] + -Uyy = (2.24) 



by the transformation 

w = --^. (2.25) 

^Oy Ux 

It follows that we cannot construct a new (2 + l)-dimensional equation by this method. 

In the previous papers ^ we modified both L and T operators for the KdV equation 
in searching for a (3 + l)-dimensional equation. However, the Lax equation was reduced 
to the (2 + l)-dimensional equation. This equation separated the first and second order 
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equations for the KP hierarchy Let us apply the same procedure to the CKdV 

equation and search for a (3 + l)-dimensional Lax pair. That is, we consider the Lax 
pair ( p. 21 ) and 



T = d,L + T'" + dt. 



(2.26) 



However, we cannot fix the form of T'" by the Lax equation and, therefore, cannot con- 
struct a new equation in (3 + 1) dimensions from the Lax pair (|]2lD and (|236|). 



3 Painleve analysis for the CKdV equation 
and the (2 + l)-dimensional CKdV equation 

To prove the Painleve property [18, 19| of the CKdV equation ( |l.lD and the (2 + 1)- 
dimensional CKdV equation ( p. 11 ), we rewrite these equations by the change of of variable 

W = -, (3.1) 

w 



so that 



W^Wt + ^W^W,^^ + ^W^ + ^W^W^ - ^WW^W,, = 0, (3.2) 



The solutions to (^]^) and ( |3.3D have the form 

W ~ Wot"". (3.4) 

Here 7 is single valued about an arbitrary movable singular manifold and a is a negative 
integer (leading order). By using leading order analysis, we obtain 

a = -l, 14^2^72 = 0. (3.5) 

Substituting 

W = Y^ Wj-i^~^ (3.6) 



into (|3.2|) and (p.3|), leads to the resonances of (p.2|), namely 

j = -1,1,3, (3.7) 
and the resonances of ( p. 3D , namely 

j = -1,1,2,3. (3.8) 



Lax Pairs, Painleve Properties and Exact Solutions 



7 



The resonance j = —1 corresponds to the arbitrary singularity manifold 7. We used 
MATHEMATICA pO[| to handle the calculation for the existence of arbitrary functions 
at the above resonances (except for j = —1). We find that Wi, W3 are arbitrary for 



equation (3^), and Wi, W2, W3 are arbitrary for equation ( |3.3D . Thus the general solution 
W to ( |3.2D and ( |3.3| ) admits a sufficient number of arbitrary functions, thus satisfying the 
Painleve property. Therefore the CKdV equation and the (2 + l)-dimensional CKdV 
equation are integrable. 

4 Exact solutions to the CKdV equation 

and the (2 + l)-dimensional CKdV equation 

In the previous section, the integrability of the CKdV equation and the (2 + l)-dimensional 
CKdV equation was shown by the use of the Painleve test. In this section we shall construct 
exact solutions of the CKdV equation and the (2 + l)-dimensional CKdV equation. 
The mKdV equation (|1.6D has the solutions pT 



v^ = anog{^]} , (4.1) 



gN 



X 



where /n and can be expressed as 

N 



n=l jvC„ 



N 



5iv = 1 + E E exp(A,, + • • • + A,J, (4.3) 



n=l atC„ 



1 



Xj =pjx + rjt + Sj , rj = - , (4.4) 

{pj+PkY 

Here nCu indicates summation over all possible combinations of n elements taken from A^, 
and symbols Sj always denote arbitrary constants. We can solve the Miura type trans- 
formation ( |1.9D for w using solutions to the mKdV equation ( [4.1[) . The solutions to the 



CKdV equation (1.1) are 



w^ = a(l^y [(l^y\x + c(l^)\ (4.7) 

ygNj J KgNj KgNj 

where c is an integration constant. The above integral factor is rewritten as 
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where 

N 



H^ = ^ylE^ (4.9) 



n=l 



and 



fN-iO) = 1 + + • • • + e^^-i + e^^-+i + • • • + e^" + 77126^^+^2 + • • • 

+r/j_ij+ie^^-i+^^+i + • • • + ??j-iive^^-^+^~ + • • • + r/j+ij+2e^J+i+^^+2 + • • • (4.10) 



AiH hAj — i+Aj-i-iH hAjv 



+r]i2...j-lj+l---N-lNe 

that is, /at-i is of the same structure as /at, except for the j index. Equation ( |4.8| ) is 
differentiated with respect to x, i.e., 

HN,xfN — Hn/n^x + In ~ 9n = ^- (4.11) 



We checked equation (|4.11| ) up to TV = 6 by the use of MATHEMATICA. Fig. 2 shows 
the solution ( [4.7] ) with = 1, pi = 1, si = 2 and c = 0. In Fig. 3, we depict the case of 
= 2, pi = 1, si = 2, p2 = 0.5, S2 = 5 and c = 0. 

We obtain solutions of the (2 + l)-dimensional CKdV equation ( p.ll| ) using the identical 
procedure as with the construction of solutions (|4.7] ). Therefore, the form of the solutions 
are the same as ([1.7|). The difference between solutions of the (2 + l)-dimensional CKdV 
equation and the CKdV equation, is the dimensional extension of ([4.41) : 

\ - = p-x + qjz + rjt + Sj, rj = -jp]qj. (4.12) 

The propagation of the solution to the (2 + l)-dimensional CKdV equation with = 1, 
pi = 1, (71 = 3, si = 2 and c = is shown in Fig. 4. Fig. 5 shows the solution with N = 2, 
Pi = 1, qi = 3, si = 0, P2 = 0.5, q2 = -3, S2 = and c = 0. 



5 Conclusions 



In this paper, we obtained the Lax pair of the CKdV equation and searched for the Lax 
pair of the higher dimensional CKdV equation using three methods. The first method is 
to modify the T operator for the Lax pair of the CKdV equation. We then have obtained 
the (2 + l)-dimensional CKdV equation ( p. 11 ) and the Lax pair ( 2.12| ) and ([2.13] ). The 
second method is to modify the L operator. We constructed the Lax pair ([2.21[) , ( p. 22 ) 
and the equation ( [2.23[). Equation ( 2.23| ) is, however, reduced to the KP equation by 
the transformation ([2.25| ). In the last method, we unified the first and second methods. 
Using this method we can expect a new (3 + l)-dimensional equation. It, however, gives 
no consistent Lax equation, unlike the first and second methods. We also discussed the 
Painleve property and exact solutions of equation (LI) and equation ( [2.11[ ), which proves 
that the equations are integrable. 
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